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It is shown that the irreversible behavior of classical systems of interacting particles
is a common property for both few-body and many-body systems. It is due to the
delay in the interactions between the particles.
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2I. INTRODUCTION
It is well known that all the field theories have a property of the interactions retardation.
Such are the electromagnetic interaction of charges in vacuum, the interaction of vibrational
systems through a medium, the interactions between the particles in a plasma or colloidal
systems, etc. The interactions delay leads to a violation of Newton’s third law on the equality
of action and reaction [1], and also it is one of the mechanisms for the irreversible behavior
of many-body systems [2, 3].
Note that in papers [2, 3] neither probabilistic considerations nor the conditions N  1
(N is number of degrees of freedom in the system) were used. In this connection, it is
of interest to study in detail the mechanisms of the manifestation of retardation in the
irreversibility of systems with a small number of degrees of freedom.
We define a two-body oscillator as a system of two particles with identical masses m,
the interaction between which at rest is described by the potential W (R1 −R2) with the
following properties.
1. The function W (R1 −R2) has a minimum at |R1 −R2| = L.
2. Near the minimum point, this function can be approximated by a quadratic function
W (R1 −R2) = W (L) + k (R1 −R2)
2
2
. (1)
Let us consider the case of one-dimensional small oscillations of these particles along a
straight line connecting these bodies.
In the absence of retardation, the solution of this problem is trivial and describes the
oscillations of the particles with circular frequency
√
2k
m
. The frequency of these oscillations
does not depend on either L or W (L). The retardation in the interactions between these
two particles leads to a qualitatively different result, including the irreversible behavior of
the system as a whole.
II. MODEL WITH RETARDATION
We denote the deviations from the equilibrium positions of the particles in the rest state by
x1 (t) and x2 (t). Equations of motion for the system in view of the interaction retardation τ
3have the form:  x¨1(t) + ω20 [x1(t)− x2(t− τ)] = 0;x¨2(t) + ω20 [x2(t)− x1(t− τ)] = 0, (2)
where ω0 =
√
k
m
.
In general case, τ is not a constant, but a function of the particles positions, that is, of
the solution of the system of equations (2). The solution of such a problem in a general
formulation goes far beyond the possibilities of modern mathematics. The condition of
smallness of the oscillations is
|xk (t)|  L, (k = 1, 2). (3)
It substantially simplifies the situation since in this case the principal term of the interaction
retardation is reduced to the constant
τ =
L
v
, (4)
where v is the propagation velocity of the interaction. Thus, in the case of small oscillations,
the system of equations (2) is linear.
The Euler substitution
xk (t) = Ck e
iΩt (5)
leads to the following characteristic equation with respect to Ω:
∆ (Ω) =
∣∣∣∣∣∣ (ω
2
0 − Ω2) −ω20e−iΩτ
−ω20e−iΩτ (ω20 − Ω2)
∣∣∣∣∣∣ = Ω4 − 2ω20 Ω2 + ω40 [1− e−2iΩτ] = 0. (6)
The roots of this transcendental equation depend on τ and in general case are complex:
Ω = ω + iγ. (7)
The equation (6) with respect to the complex value Ω is equivalent to a system of two
equations for real quantities ω and γ:
ω4 − 6ω2γ2 + γ4 − 2ω20
(
ω2 − γ2)+ ω40 [1− e2γτ cos 2ωτ] = 0; (8)
4ωγ
(
ω2 − γ2)− 4ω20ωγ + ω40 e2γτ sin 2ωτ = 0. (9)
Note that ω determines the oscillation frequency, and γ characterizes the rate of change in
the amplitude of the oscillations. Therefore, the condition for stationarity of the oscillations
is that γ = 0, whence we get
2ωτ =
2ωL
v
= pin, (10)
4where n is an arbitrary natural number.
Substituting τ from (10) and γ = 0 into equation (8), we obtain the equation for ω
ω4 − 2ω20 ω2 + 2ω40 sin2
(pin
2
)
= 0. (11)
The roots of this equation are real if and only if n is an even number. Under this condition,
the solutions are as follows:
ω1 = ω2 = 0; ω3,4 = ±
√
2ω0. (12)
Thus, stationary oscillations of a two-particle oscillator with retarded interactions occur
only for a discrete set of equilibrium distances L between the particles, determined by the
condition (10).
However, there exists a set of values of the parameter L for which both stationary and
non-stationary oscillations are possible, i.e. solution of the system of equations (8)–(9) with
γ = 0 and γ 6= 0, respectively. From the immense set of solutions of this system of equations
depending on the parameter L, we consider a subset for which the condition (10) is satisfied:
L =
pinv
2ω
. (13)
In this case, the system of equations (8)–(9) is greatly simplified: ω4 − 6ω2γ2 + γ4 − 2ω20
(
ω2 − γ2)+ ω40 [1− e2γτ (−1)n] = 0;
4ωγ
(
ω2 − γ2 − ω20
)
= 0.
(14)
For γ 6= 0 we have
γ = η
√
ω2 − ω20, (15)
where η = ±1.
Substituting this expression for γ into the first of the equations (14), we find
(−1)n e2γτ = 4
(
ω
ω0
)2(
1−
(
ω
ω0
)2)
. (16)
As follows from the domain of definition of the expression (15) for γ, the right-hand side
of the equation (16) is non-positive, so n in this equation is an odd number (n = 2s + 1),
and the equation itself becomes
(2s+ 1)η =
1
pi
x ln [4 (x4 − x2)]√
x2 − 1 , (17)
5where x2 =
(
ω
ω0
)2
> 1.
The right-hand side of this equation is a monotonically increasing function on the interval
(1,+∞). The range of this function fills the entire interval (−∞,+∞). Therefore, for each
value of η (2s+ 1), the equation (17) has an unique solution xs(η).
The graph of the function contained in the right-hand side of this equation is shown
in Fig.1.
III. CONCLUSION
The delay in the interaction between constituents of two-body oscillator leads to the
following effects:
1. Stationary oscillations exist only for a discrete set of equilibrium distances between
particles, determined by the condition (10). The frequencies of all stationary oscilla-
tions ω are the same:
ω =
√
2ω0. (18)
Condition (10), with account the relation (18), can be represented in an equivalent
form
L =
n
4
λ, (19)
where λ = 2piv
√
m
2k
is the wavelength corresponding to the oscillation frequency (18).
It should be noted that the Lebesgue measure of the set of values of L for which
stationary oscillations of a two-particle oscillator exist is zero.
2. Under the same condition (10), there are infinite number of non-stationary oscillations
with different frequencies corresponding to the complex roots of the characteristic
equation (6):
ωs (η) = xs(η)ω0, γs (η) = ηω0
√
x2s(η)− 1. (20)
These non-stationary oscillations represent the irreversible behavior of a two-particle
oscillator.
The described simple example leads to the following conclusions.
61. The irreversible behavior of systems of interacting particles is a common property
for both few-body and many-body classical system, having its origin in the delay of
interactions.
2. The unavoidable delay of interactions is sufficient for the irreversible behavior of sys-
tems. The systems are irreversible in itself – there is no need to use any probabilistic
hypotheses or other assumptions to explain the phenomenon of irreversibility in sys-
tems of interacting particles.
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FIG. 1: The graph of the function y(x) = 1
pi
x ln[4(x4−x2)]√
x2−1 .
